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Optimization Methods for 
Machine Learning (OMML) 

• 3rd lecture (1 slot) 

 

 

• Prof. L. Palagi 
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 Choose an integer value for the VC dimension 

 Defined nesting class of function with NON Decreasing 
VC dimension value 

 

 

 

 

  

The VC confidence depends only on the class of function chosen, while the 
emprical risk depends of the particular values of the parameters chosen in the 
training phase that identifies one function in the class 

Structural Risk minimization principle  



Structural Risk minimization principle  

• For each class        with VC dimension  

• Find the optimal solution 

 

 

• Find the value of the upper bound 

 

 

• Choose the class of funtions which minimizes the upper 
bound 
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VC confidence 
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To obtain the VC confidence we need to know the 
value of the VC dimension h for a class of functions. 

The numbers of parameters is NOT a useful 

information. Indeed  h is not proportional to the # 

parameters 
It is not true that learning machines with high number 
of parameters have high value of VC dimension. And 
vice versa learning machines with few parameter may 
not have low VC dimension. 

h = is the maximum number of points xi that can be can 
be classified for all possible assigned labels ±1 
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Computation of the VC  confidence 

Let’s compute the VC dimension for the simple 
class of hyperplanes (perceptron) 
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In R2 the VC dimension h=3; in 
this case we get the same value 
of the bound for both the 
functions in the class 

Is is true in general ? 

Linear separating function in R2 
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VC dimension of hyperplans 

Theorem: The VC dimension of hyperplanes in n 
dimensions is n+1.  
 
To prove it we show that 

are affinely independent 

can be shattered by the class of function 
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Definition  
Let {x0,x1..xp} be points in Rn. These points are called 
affinely independent if there do not exist real numbers 
α0,α1...αp  not all zero such that ∑p

i=0αix
i=0 and ∑p

i=0αi=0.  

are affinely independent 

are linearly independent 

Hence the VC dimension of the hyperplane in Rn is the 
maximum number of affinely independent in Rn  which is 
=n+1 
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Proof 
On the blackboard…………….. 

Without loss of generality x1=0 

Correctly classified means: 
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Sketch of the proof 
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Sketch of the proof 



Computation of the VC dimension 
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In this case we get the same 
value of the bound for both the 
functions in the class 

Which one of the two is the best ? 

However the red one seems 
better: it “maximizes” the 
distance among the 
hyperplane and points in the 
two sets 

The VC dimension of class of function “hyperplanes” is n+1 



• A hyperplane that passes too close to the 
training examples will be sensitive to noise 
and less likely to generalize well for new 
data 

 
• Instead, it seems reasonable to expect that a 

hyperplane that is farthest from all training 
examples will have better generalization 
capabilities 

Intuition: hyperplane with margin 



Hyperplane with margin 
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Simple linear classification are useless as possible  
class of functions 
 
Idea: restrict the choice within the class of linear 
classification may improve the VC dimension 

Linear Classification with tolerance gap 
(≈margin) 



Hyperplane with tolerance gap 
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Assume that data 𝑥𝑖  stay in a sphere with 

diameter 𝐷=2R, namely  ||𝑥𝑖||≤ 𝑅 

Consider the hyperplane 𝑤𝑇𝑥 + 𝑏 = 0  

is the distance of 𝑥𝑖 from the hyperplane  
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Hyperplane with tolerance gap classifies vectors within 
a sphere of diameter D and out of a tolerance 2ρ 

Hyperplane with tolerance gap 
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If ρ  is small with respect to D, it is still possible to 
shatter 3 points in R2 

Hyperplane with tolerance gap 
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If ρ grows with respect to D, the number of points that 
can be shattered decreases 

It is no more possible to shatter 3 
points 

It is still possible to shatter 2 points 

Hyperplane with tolerance gap 



Margin and VC confidence 
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h hyperplane with tolerance gap h hyperplane ≤ 

The highest the margin the lowest the VC dimension h 



Structural risk minimization using  
hyperplane with tolerance gap 

 
• Minimizing the upper bound on the risk  

–  minimizing the empirical risk 
–  maximizing the margin (hence minimizing the VC 

confidence) 

•  for each function f j in the class 
–  obtain a bound on hj 

–  minimize the empirical risk Rj
emp 

–  compute the bound on the risk 

• Chose the class with minimum bound 
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METODI 
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Minimization of the structural risk 
 
Support Vector Machines 
 empirical risk fixed to a given value 
 minimize VC confidence 

 

 Neural Network 
 fixed the architecture (hence the complexity and 

VC confidence) 
 minimize the empirical risk 


